A pure strategy Nash equilibrium point existence theorem is established for a class of n-person games with possibly nonacyclic (e.g., disconnected) strategy spaces. The principal tool used in the proof is a Lefschetz fixed point theorem for multivalued maps which extends the well known "Eilenberg-Montgomery fixed point theorem" to nonacyclic spaces. Special cases of the existence theorem are also discussed.
Conventions. The word "group" will always mean "abelian group."
The term "compactum" (plural "compacta") will be used for "compact metrizab1e space." All products of topological spaces are assumed to carry the product topology. References to the coefficient field F will hereafter be suppressed. u. : n @. .... R is continuous 1. n-l, 1. T(e) is C-acyc1ic for each 1. n* Combining conditions 1), 3), 4), and the above paragraph, it follows from 2.6 that there exists e' e IT 8 n* i
such that e ' E T (e ') • By definition of T, this implies that r has at least one pure strategy Nash equilibrium point.
Q.E.D.
SPECIAL CASES
In this section special cases of the existence theorem 2.8 will be discussed. The following definitions will be used. Q.E.D.
The following proposition demonstrates that conditions 1) a.nd 1') in 2.8 and 2.9 may be replaced by restrictions on the individual strategy sets. is a C-acyclic ANR for each e e II ®., i E n* ." n* l.
Proof. The first statement is immediate from 3.3. As established in the proof of 2.8, the coordinate maps
are closed.
In particular, the image sets e E II * Gl., are closed hence n l. compact subsets of Gl. , l.
for each i E n* Metrizability of the image sets is clear, since each Gl., i E n~'<, l.
second statement in 3.4 now follows from 3.3.
is metrizable. The
In conclusion, we discuss an interesting class of "generalized convex" spaces which satisfy the hypotheses of 2.7. is therefore a well defined homeomorphism. By radial extension, one then obtains a homeomorphism (3) given by Q.E.D.
